









































































































Recap of last lecture

Calculate Sa Net
9m 2

52

Computer Arithmetic
fkx cfamFloat roint numbers roundofferrors

double 115 I bibs by 2m m ie 1121023

FEE any i ii iii iii
2047 D if blitz 0 Nan if 315240

lossof significant

Solve fix 0

Bisect Ef a b q i feal feb1 20

I n iterations ntz oracles

2 Ir Cut

Today's lecture

D Of X Xoy vs flex y

IF naive sum pairwise sum

FPI Newton's Secant Sensitivity












































































































IEEE 784 flex yo flly

y will havethefollowing steps
StreamingSIMDExt 2

1 load x and y into registers SSE2 AVX

MOVED Mmo Ex duancedVector

MUVSD Xmm1 Ty

2 align the exponents e in mineexey

3 1 mantissas by by
extra bitsofprecision 87FPU uses 80bits antissa

Guardbits extra bit in SSE2 AVX
4 normalized rounding save

y

flex fly rounding mayuse extrabits

Rey's E2 AVX flat fly s

s fles rounding fl toy fles

fl toy xoy Hg is 12
4 single

2 53 double

Weassume fly fly flexoy are representable
Rel error doesnot makesense when it is overflowor underflow

Summation IE X












































































































Naive sum

Let be positive positivemachinenumbers in

a computer whose unit roundoff error is

5 E s fits

s
HE I n E

ix 2 n

rent
Ei

L's
sun I fusion

def Pr
5k Sh
Sh Pk 1 2 1

It Y 21.44
pairwise sum 0cm EI

s s's 11ᵗʰ
g

nail i

OCE.by

If we assure roundingerrors is random

naive sum OLET
pairwise sum O Fryn

Further reading Handbook of floating pointArithmetic
Muller 2018



Lecture 02 Solving nonlinear equations

09 4 2024

In this lecture we want to solve

fix 0 EIR ft CURI is continuous
We will assume flat fib co and root re a b

Fixed Point Iteration FDI

C1 FPI Xx gut find fix point gex
fait

guy x III many ways
i

Main idea Guess to compute gexo If Xo is news

to r then you is near to you

ex goxe until 1 41 Xel to

Ligeti Xl tol
Convergenceanalysis et Xt t e r is a fix point

ex Xtra r gate gov vis Xt reee

By mean value Thm ye C'Taib I Seca b sit

g es
Gcb gca
s a.tn E



gear gun I g call Itt rl See conver l

leetil g estillett 130

I 19est 51 letti l leel diverge
2 1g fell 4 leetil cleel converge

3 ly Sell 1 potentially stuck

Example fix X 1 0 8 0.6823

g a 1 3 giens
g a 11 5 Gina

guy I gin 0

Convergence It r c rtc for some c 0 Sit glexile

on 3 and tot then FPI will converge

Is 1 I S 8 11 girl 0 1

letal c leel linearomvergence

Iteration complexity

We want to find t.LT

tell txt rl Ltol Assume I g'exit met

and Xo EI I L Xtc

lett I m teal mta.ie
But e Xo r is unknown



Note that teal Xo rl and tell lX ricixo f

test 1 0 1 1 0 X tx V1

IXu X.lt tell

1 0 Xii m teal

teal Xo 4141 m So

teal me Ho Xi

i m
Given leel

Mt No
in

a kim mm

Example x ga Bx ly all Sinx

m 0.845 031 0.5403

0.5 10 5 k 372 In worse case



Newton's method tangent line with

Main idea
ft slope f Xt

text

c
fax

gex

Approximate fix by linearization at X to obtain Yeti

To do this draw the tangent line at Xe and use

the intersection point of this line and x axis as an

approximation root To measure the slope of gix

fluxes where ΔXt Xt 1 1

Then we have the following updates
12 X Xt Adt x

text
fixe

Newton's

Analternative way the tangent line of gas
y fat f ext ex Xt letting y o we will get

the intersection point e I i Xen



Newton's algo Given f and f with t 0.1.2 it

generates 3 3 r definedby C2

Remark Newton's algo can be viewed as optimal fixed

point iteration Recall that FPI Xx gut with

glx III y ox 1
t'x to fix text flex

flex 2 flux 2

so assume that for to g or I o

Note r is the root of fat for D

Error analysis Recall for o ee te r you p

We assume f is continuous and r is a simple root

of f i e for off em

From Newton's Iteration 2 we have

et Xen r Xt FYI r
is small

et III ee.fiyymf
we hope this part

ee where the caseeyn followsby

Taylor's theorem Recall if f is two times differentible

then fix fun f ca ex a ex a

geconvex.us Here 1 there



0 for text text et ft fees
It then leads to eat St

2f'cxe et
If we assume further that
11 fix to for all E r ell rtle I I

2 fix is continuous for all EI
3 I M If 1 If st metal

If the above conditions hold then
lean I mileel

To estimate M given 8 0 let's define Mbs
MCSI FEES If e I

ftp.gitixs
since ECCRI tirito

One can choose f sit S M B C 1 This is possible as

8 0 Mcs If or I
1 2 for

Hence S.MU 0

Assume we start a point to satisfy ixv v1 ES Then

le les tell m ri 1 es msn.ee
eat test Must
le 1 s.mu teal ES

Ix ri e s x E C r s 81

feel 8 MG t.ie 1 Effleet 0



Convergence of Newton'smethod Let's assume fileCURI

and let r be a simple root of f Then there is a neighbor

of r and a constant ns.t if Newton's starts in that

neighbor the points Xt become steadily closer to r and

satisfy leal EM leel v30

Compute Ta in our last lecture

4T

Define fix x2 a to find fa is to find firi o

f f are continuous and f or 28 259 ID

Newton's F X I Xe text
to estimate mi

m 1 Ir Era
Handlemultiple roots

Def VEIR is a root of multiplicity m of fox if there is

a polynomial sex sit scr to and text x r sexy

m 1 r is a simple root

m 32 r is a multiple root

Fv D f or 0 1 1 2 in m t f n'in 0



Consider fox cm 32 f has multipleroots at 7 0

for m
m 1 0 Aboveanalysis forsimple root does not

work for this case

III III mm xe

em mh.ee ee f t.es It is slow

Q In themultiple case can we fix Newton's so that it

converges fuster

If fix CX r
m
sexi then we have

letti I Mmt leel To show this

1 X fi een ee

Etti ee
Xt v

m
sexe

m Kt r su Xt rms at
ly ee sext

m.su shxt ee
M t sext s ext et
m sat sun ee

et

m t text

f ext
t

S Xt

m.su e sick
et

Fixing it Just need to add M1 fut
on rightside

f Xt

eat Ocei So a fixed version is



Ntt t
m text
text

Summary of Newton's

For simple not it converges quadratically when Xo

is closeenough to r

For multiple nots it converges linearly butcan befixed

When Xo is far from r it may diverge

iii

fux
One can use Bisect to find a good to and then

apply Newton's

One needs to have flux and flex to

Q If f n is hard to obtain can we find a good

method sit it is superlinear



Qusi Newton method Secant method

Main idea Y fix

Lj

fix
secant line

To approximate the derivative at the point with

previous point Xt 1

fixe
text text

x x
difference quotient

Note fix thy
text face

u
Hence we have

4 1 X fut Xe e

fixes text
Serant

Xt l fut Xt fix 4

text fatty
Periteration only requires 1 function evaluation

Error analysis consider et Xt and ferito r is simple

Ett r
fat Xe text
taxes taxes

r
et i.tk ex few
fat fixer



It leads to eat let tail let i e ee
fut text

flexex v textet.hu 1 II him e ri

If er er

hat here

text fixty
_et le

has huey h Yt
the text

hatt x x

x Xty fixes fixte f Gt
Mt Et E Convex Yet We assume fix c Tik

fox fun f ca ex a ex a

geconvex.at Here 8 c converges
fur font fly or Mt c t.fiest
If cf Mt r fat

Ht r
hGt

eye
S

et ee t St tonvett y r2 f Gt Is E mu e Xt Xt l

Note Xt Xt ee een

If Xo X x2 are close enough to r and

f St

24cg
M is properly bounded Suppose that



tell In and leal Im Then teal M tell test

z le 1 and z le I

leal z'mm leol tell 22 m

By induction letal Itm let
Cbe

Host
I c

letal c lett let11 We assume that letal Alert

A 0 meaning fig
Ale42 c let level

1412 C A letil

let CA let

A't 2 1270 2
4

I
1.6180

Lee I c leel let it A

That is letti Et leel I
or

I.pe I
2 for

Multiple roots

One can reduce to the following error iteration



ee
et iei eeet.itOC lea

ma

e eye Oc let mt
m321

11
m 2 it is a Fibonacci sequence letal nail leet

2 MY left l n leel with
CX 1 Xm m t 1 0 E 0,1

Stability of solving nonlinearequation
Todesign the stop conditions of abovemethods one on

consider two types of errors

Forward error CFE ext ri

Backward error BE I text first text 1

To get approximateXe the forward error comes from the

algorithm while thebackward error comes from f itself

Example1 text 1 5 2
2 4x

After 16th iteration of Bisect

BE 2.0 15 while FE 10 5

why Note foxell Xt 5 3 e



Example 2 fax smox let 103 r o

BE fixes 15h 0,001 0.001

5mm IF
I text I I stuxe I OCT3 1 67 10
FE I Xt ri 10 3

Sensitivity Small floating point errors in the function f
translate into largeerrors in the not It is called a

sensitive numerical problem

To measure the sensitivity assume for o there is

a small change is made on fix E gun where E is

small value We actually find

fix E you 0 Def Fun fix Egox

Let rtor is the root of Fox That is

For tort furtor E g or t or co

where or is the change of a due to smallerror E

UseTayly polynomial off

I fortori
fort or f on O 10m

get ton girl or glon O 1012



so 0 futon E yurt or
Δ r.fm or E girl Egun 0 lori

or cf on the girl E girl
or Egor

f on e gig
94 sensitivity of
f us roots

assume g g u flurl

Example Say we want to estimate polynomial

Pa a is there are system errors sit the final

estimate is pox Ex Find sensitivity

Solution Let far 1,4 i
10 andgas

or s ftp 2332.8.2

Note f 41 Ex
b h a t.FI 4 it so feb 25

106.67 0.2799

The estimated root rtor 6 0023328

6digits of fax will cause 3 digits change error

of root

Error magnificant Factor EMF

Idea when bad cases happen quantity FE BE be large



So a reasonableway to measure this

EMF
rel FE

tel BE

4th

E ginger
i

Egon
vfun

gun Note net BE fast Egun fu
r for is relative to y

EMF is highly related to condition number

Example Wax II Ix i use the sensitivity formula

to estimate the root change in X'sterm ofwax on root

16 Then find EMF
Warn Wax th ga ga 1,672280 820 n't

W'Ux161 15 4

or I 611432 013 E cam 12.22 10 1

or I 0,0136

gut
r.tw

672280,820

1514116
3 8 101

was ex 16 qua qui 4 is

W41 92 1 1 16 g 4 W 16 946


